Macromolecule2006, 39, 5891-5896 5891

Phase Diagram of Poly(ethylene oxide) and Poly(propylene oxide)
Triblock Copolymers in Aqueous Solutions

Run Jiang, Qinghua Jin, Baohui Li, and Datong Ding

College of Physics, Nankai Urersity, Tianjin 300071, China

An-Chang Shi*

Department of Physics & Astronomy, McMaster bbisity, Hamilton, Ontario L8S 4M1, Canada
Receied March 31, 2006; Resed Manuscript Recegéd June 29, 2006

ABSTRACT: The phase behavior of poly(ethylene oxide) (PEO) and poly(propylene oxide) (PPO) triblock
copolymers in aqueous solutions is studied by using a self-consistent-field theory. The spectral method is extended
to polymer models with internal degrees of freedom. Phase diagrams of PEO-PEO and PPOPEO-PPO

triblock copolymers in water are constructed in the concentratiemperature space. A variety of lyotropic

liquid crystalline phases is found. The effects of temperature, copolymer concentration, the block (EO/PO) ratio
and the chain architecture are investigated. Good agreements were found between experimental results and theory.

I. Introduction solvent by varying the copolymer concentration or temper&ture.
Structural parameters such as the block copolymer molecular
Block copolymers have attracted considerable attention dueweight and the block (EO/PO) ratio are important variables
to their ability to self-assemble into various ordered structtifes. influencing the form of different phasé®.Furthermore, the
For diblock copolymer melts, these structures range from chain architecture (PEGPPO-PEO sequence or PPPEO-
lamellae, hexagonal-packed cylinders, and body-centered cubicppQ sequence) is also expected to influence the phase behavior
sphere phases to a complex bicontinuous gyroid phase. Thesgf the copolymers.
structures can be controlled by varying the composition of the  The phase diagrams for PE®@PO-PEO block copolymers
block copolymers or the degree of segregation between thejn aqueous solutions have been examined using a self-consistent
blocks? mean-field theory (SCMFT) by Noolandi, Shi, and Lidd&he
When block copolymers are mixed with solvents which decreased solubility of EO and PO segments upon increasing
dissolve only one of the blocks, the molecules Se|f-assemb|6temperature was modeled by a two-state model in which the
into specific structures to avoid direct contact between the monomers of the chain may assume two interconverting forms
solvents and the blocks which are insoluble. This mechanism characterized by different interaction energies. In particular, one
gives rise to a wide range of self-assembled structures, includingmonomer state (A) is assumed to be hydrophilic while the other
micelles of various shapes and size, as well as a variety of monomer state (B) is assumed to be hydrophobic. The calcula-
lyotropic liquid crystalline phases. Recently, there is a growing tions by Noolandi and co-workers were carried out by employing
interest in the phase behavior of block copolymers in selective continuum and lattice versions of the SCMFT. Both methods
solventst™7 In contrast to the case of block copolymer melts, predicted the following sequence of stable phases with increas-
where mainly the blocks ratio controls the structure, for binary ing copolymer concentration: disordered polymer-poor solution
block copolymer-solvent systems the contribution of the (L), ordered cubic phasey)] hexagonal phase ¢) lamellar
selective solvents to the interfacial curvature plays an important phase (), reverse hexagonal phasejHeverse ordered cubic
role. phase (), and disordered polymer-rich solutionfLThis phase
Amphiphilic copolymers constituted by three alternate blocks transition sequence is in qualitative agreement with the corre-
of poly(ethylene oxide) (PEO) and poly(propylene oxide) (PPO) sponding experimental phase diagrams. It should be noticed that
have a wide range of applications such as emulsifiers, wetting the calculations by Noolandi et al. were carried out in real space
agents, solubilizers, efcTwo of the possible block sequences with the spherical unit cell approximation. As a consequence,

are available: triblock copolymers with a PE@GPO-PEO they were unable to account for the gyroid phase. It is therefore
sequence (trade name Pluronic) and those with a-FFED— desirable to carry out more accurate studies using the state-of-
PPO sequence (trade name Pluronic-R). These copolymers ar¢he-art reciprocal space method.

denoted by (EQYPO}(EO), (Pluronic) and (PQXEO)(PO)x Another motivation of the current study is that, although a

(Pluronic-R), wheren andm represent the numbers of EO and large number of papers on the phase behavior of PERO-

PO units, respectively. Water is a good solvent for the PEO PEO triblock copolymers have been published in the past few

blocks and a relatively poor solvent for the PPO blocks. years?12only a few studies have been published on the triblock

Consequently, in aqueous solutions, solubility of the segments copolymers with the molecular architecture PPREO-PPO

is the main factor which determines the internal domain (Pluronic-R)!3:14 In this paper we examine theoretically the

structure. A remarkable structural polymorphism has been phase behavior of both PEEPPO-PEO and PPEPEO-PPO

observed in block copolymer systems in the presence of selectivecopolymers in aqueous solutions. To do so, we extend the
reciprocal space method to polymer models with internal de-

*To whom correspondence should be addressed. Telephone: (905) 525-drees of freedom, and aPPW it to the two-state model for the
9140 ext. 24060. Fax: (905) 521-2773. E-mail: shi@mcmaster.ca. PEO/PPO copolymers. This technique provides the most ac-
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curate method to find numeric solutions of the SCMFT equations Table 1. Internal State Parameters Eag and gag)and
and, more importantly, it enables us to include the gyroid phase, ~Flory ~Huggins Interaction Parametersfras) of the Theoretical
which was lacking in earlier theoretical studies, in the calcula- Model (Energy in kJ mol™)

tions. As a consequence of this development, theoretical phase species state state no. Ens 9aB
diagrams of both PEOGPPO-PEO and PPOPEO-PPO water 1 0 1
triblock copolymers in agueous solutions are constructed and  EO polar 2 6 12
presented in this paper. . rr;%rllérl)rolar i 8-086 ?:

The paper is organized as follows. Section Il contains a nonpolar 5 15 60°
description of the theoretical model employed in our study.
Section Ill presents the calculated binary concentration KTyse
temperature phase diagrams for two PEEPO-PEO block state no. 2 3 4 5
copolymers and two PPEPEO-PPO block copolymers. These 1 0.6508 5.568 17 )
systems were selected to emphasize the effects of different 2 1.266 1.8 3.0
factors, such as temperature, copolymer concentration, the block 3 0.5 2.0
(EO/PO) ratio and the chain architecture, on the phase behaviors. 4 14
The density profiles for P84 are studied in detail for two different 2 From the fit to the experimental data of the binary PEO/water phase
temperatures and three different morphologieg (4, and H). diagram!®23 b From the fit to the experimental data of the binary PPO/

Section IV contains conclusions while some mathematical details Vater phase diagrai. ¢ From the fit to the experimental data of the ternary
- . ) PEO/PPO/water phase diagram.
are given in the Appendix.

Il. Theoretical Model The theory is formulated using a canonical ensemble. For a

) ) . fixed volumeV, we assume that the number of polymer chains
The theoretical framework used in the current study is based of typep is N, and the number of solvent moleculesnis For

on an earlier theoretical model developed by Noolandi, Shiand 5 given chain configuratior Ry}, the concentrations of

Linse™* for describing multicomponent mixtures of copolymers  golvent molecule and different monomers at a given spatial
with internal degrees of freedom. The polymer chains are positionr and statex are

modeled as flexible Gaussian chains describeR§t), where

Rpj(t) denotes the position of thth segment of théh chain of 1

type p. The degrees of polymerization of the p-chains are &5 r)=—S0or —Ry,) A3)
denoted byZ,. The probability distributiorPy({ Rp(t)}) for a © s
given block has the standard Wiener form

Ppa(r) = 2 §np [Zdto(r — Ry(1)o @)
o z o - Rpj o0t
P{R,®}) =A exp{ —23 - Ozp d (dRp(t)) } ) P pop 7 pi o®
p

Pos i=

dt

where pgs and pgp represent the density of solvent molecules

whereA is a normalization constant arg is the Kuhn length and polymer monomers, respectively.
of the p-chain. The partition function for a multicomponent The interactions between the monomers and solvents are
polymer blend, including solvents, is given as a functional modeled by short-range contact potentials and have the standard
integral over all space curves representing the polymer chains. Flory—Huggins form

The Karlstian model® was employed to describe the R
decreased solubility of the EO- and PO-containing polymers in W({$}) o
water with increasing temperature. For the specific case of = f dr {ZXS,Papod)s(r)d)Pa(r) +
interests here, the EO and PO segments are assumed to have o
two conformational states, one being more polar with a lower 1 ] (5)

energy and a lower statistical weight and one being less polar, 5 ,XPuP'a'pO‘ﬁPa(r)¢P'a’(r)
having a higher energy and higher statistical weight. The PaFa

population of the polar state is favored at lower temperatures, h . ; densit the Florv-Hugai
whereas the nonpolar state is favored at higher temperaturesyv erepotls at:et\(;rence Iens![y, almp‘]i are d e Flory- ugglgs
This approach has previously led to a successful description ofParameters between solvent molecule and monomerg-ape:

the inverse temperature behavior of different syst&m&.The are the FIory—Huggins_ parameters between dif_ferent mono-
internal states of the polymer chains are described by an indexMers- The Flory Huggins parameters of the various polymer

a(t), which denotes the internal states of tife segment of components in their different internal states have been deter-
thptjajt’h chain of typep. The internal degree of freedom are mined from the experimental data of homopolymers in solutions

populated according to a Boltzmann distribution independent (Table 1). . . S
of the spatial arrangement of the polymer chains such that the Because exact evaluation of the partition function is in general

) L2 . _ not possible, a variety of approximate methods have been
internal state distribution functiopy({ ap;(t)}) has the form, developed. The most fruitful method is the mean-field ap-

proximation, which amount to evaluating the functional integral

J— —BE, Ve . . . .
Po{ 0 (D)}) = G p(D)E EPs0 2 using a saddle-point technig&eThe result of this procedure
is that the interacting many-chain problem is reduced to that of
wheref = 1/keT, gpap(t) is the degeneracy of the(t)-states, an independent chain subject to an external (mean) field, which

andEp«p(t) is the energy of that state. These parameters havein turn is created by all the polymer chains. The fundamental
been determined from an independent analysis of the experi-quantity to be evaluated is the propagat@str.t|r'), which
mental data for the corresponding homopolyn¥emnd are represents the distribution function of a polympr with
reproduced in Table 1. monomert at r, given that monomer 0 is at, in the presenc%DV
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of an external fieldvy(r). It is straightforward to show that the
propagators satisfy a modified diffusion equatfén.

To include the effect of the internal states, as shown by

Noolandi, Shi and Linsé! the internal states can be considered

as embedded in an external field determined by the spatial
arrangement of the molecules. The resulting effective potential

is given by

() = —ln[ > G €XPIPE, — wm(r)]} (6)

which represents the statistically weighted thermal distribution

of the internal states in an external mean fieldg(r). The
modified diffusion equation fo@Qy(r t/r") then has the standard
form,

b 2
2Q,HIr) = 2Qr tr) — Q) (7)

with the initial conditionsQy(r,0|r") = o(r — r"). For simplicity
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@), Ppalr), ws(r), andwp(r) yields a set of self-consistent
mean-field equations,

1—¢(r) - Zfﬁpa(f) =0 (11)
n(r)
ws(r) = ZXS,P&¢Pa(r) +— (12)
o Po
Po Po n(r)
wPa(r) = _XsPa¢s(r) +— XP'a’,pa¢P’a’(r) +—
Pop PopP d=Pa Pop
(13)
1) =%e‘“’s"> (14)
Do) = Ppo(r)e(r) (15)

where the local volume fractiong,(r) for the triblock copoly-

we will assume that all the blocks have the same Kuhn length mers can be written in terms of the propagatQpér,t/r') and

b, = b.
We now use PEOPPGO-PEO (Ai—B—A)) triblock copoly-

Ppa(r) is the probability of a polymer segment in the internal
statea, which is

mers in selective solvents as an example to formulate the theory.

Extension to the case of PREPEO-PPO (B—A—Bj) triblock
copolymers is straightforward. For a system of-B—A;
triblock copolymers in selective solvents, the partition function
of a single chain subject to the effective potemi@“(r) is
given by

1
Qc = \_/
fdrl dr,drgdry Quq(r1,Nag M) Qg(r 2:Nglr 3)Qan(r 3Naalr 4)

)

where V is the volume of the system and the propagators
Qu(r.t|r") individually satisfy the modified diffusion equation
(eq 7). The free energy of the systef,has the form,

F —_—
keTpoV  V

dr l ZXS,Pa¢s(r)¢Pa(r) +

Pop
- XPa,P’a’¢Pa(r)¢P’a’(r) - Z _wPa(r)‘pPa(r) -

2 Pa,P o o Lo

Z Ppa(r ))] +

&i) ¢e éc)
—|+=1mn|=] (9)
QJ 7. \Q

C,
where we have assumed that the solvent dengity,s equal
to the reference densiipand the single particle partition function
of the solvents is simply given by?®

n(r)
ofr)eyr) ———(1 = ¢4r) —
Po

o In

1 W
Q=5 Jdre (10)

which is a functional of the fielda(r). The overall volume

You exp[_ﬂEpa - wpa(r)]

Poa(r) = (16)

zgpa eXp[—ﬂEm - wpa(r)]

The mean-field free energy is then obtained by inserting the
mean-field solution into the free energy expression (eq 9). To
obtain the solutions, mean-field equations (eqs-13) must

be solved self-consistently using numerical methods. Unlike the
approximate real-space method employed by Noolandi and co-
worker! we use the reciprocal-space method developed by
Matsen and Schick which is based on an expansion in terms
of plane-wave like basis functions. This is done by re-
formulating these equations in the reciprocal space of a set of
basis functions. All the functions with a given space-group
symmetry are expanded in terms of the orthonormal basis
functions agy(r) = >igifi(r), where the basis functiorigr) are
eigenfunctions of the Laplacian operatwith an appropriate
space-group symmetry, i.&7%i(r) = — Ai/D?i(r). In particular,

we takeld; = 0 andfy(r) = 1. D is the period of the structure
under consideration. The expansion coefficigrdan be easily
obtained by using the orthonormal relation if the functggn)

is known

g = fdrfi(r)g(r)

For the model with internal degrees of freedom, we will need
to evaluate the expansion coefficients of some functiorggrof

i.e., A(r) = A(g(r)), where the functiomgy(r) is known, thus the
expansion coefficientg; are given. The question is how one
could obtain the coefficiend; in term ofg; from the definition,

17)

A= [drf(nA(r) (18)

In general the relationshig(r) = A(g(r)) is not linear. For

fraction of the solvent molecules and the copolymer is denoted example, in this paper the effective potent@"(r) depends

by ¢s and ¢, respectively. The effective degrees of polymeri-
zationzp aretp = (pod/pop)Zp, andte = a1 + 78 + a2 fOr the
A;—B—A; triblock copolymers. The Lagrangian multiplier
n(r) is chosen to ensure the incompressibility condition.
Minimizing the free energy given by eq 9 with respect{0),

on the external mean fieldey(r), through eq 6. Therefore, it
is not possible to obtail; in terms ofg; directly. It turns out
that the evaluation of; in term of gi can be carried out by a
matrix method. Details of the formulation are found in Ap-

pendix. CDV
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Figure 1. Calculated binary phase concentratidemperature phase

diagrams for (a) Pluronic P75/water, (b) Pluronic P84/water, (c)
Pluronic-R 25R5/water, and (d) Pluronic- R 31R4/water systems. L1
refers to a rich-water disordered solution, 11 the cubic phase, H1 the
normal hexagonal phase, G1 the normal bicontinuous cubic phase, L
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structures (G2, H2, 12) in the experimental phase diagram along
the Pluronic/water line. This discrepancy can be understood by
noticing that the theoretical phase diagrams predict very narrow
regions of the inversed phases (water-in-oil). Furthermore, the
free energy differences between these inversed phases are very
small. It is reasonable to argue that the inversed phases are not
easily observed in experiments. A comparison between the phase
diagrams of P75 and P84 shows that an increase in PO ratio
enlarges the phase regions of the reversed phases. This is
consistent with the experiments of Alexandridis and co-workers,
where the addition ofp-xylene (oil) increases the volume
fraction of the nonpolar components and facilitates the formation
of the inverse phases (water-in-oil). However, we notice that
there are differences, such as the precise location of the
boundaries, between the experimental and predicted phase
diagrams. These differences could be attributed to a number of
factors associated with our simple model, such as fluctuation
effects, actual sizes of the monomers and sample polydisper-
sities.

The block (EO/PO) ratio is also an important factor determin-
ing the phase behavior of the binary copolymer/water systems.
For the specific case of interest here, P75 has the same EO/PO
ratio (~1.33) as 25R5, and is 48% higher than tha0(90) of
P84 and 31R4. By comparing Figure la and Figure 1b for

the lamellar phase, G2 the reverse bicontinuous cubic phase, H2 thecopolymers of the same molecular weight4200) and chain
reverse hexagonal phase, 12 the reverse cubic phase, and L2 thearchitecture (PE©PPO-PEO sequence), we notice that the

polymer-rich disordered solution. P75, P84, 25R5, and 31R4 have

almost the same molecular weight.

Ill. Results and Discussions

Phase DiagramsWith the reciprocal space formulation, the
self-consistent field equations can be solved iterati¥&aving
found a solution for the self-consistent field equations, the free
energy is calculated. For an ordered structure the free energ
has to be minimized with respect to the peribd Finally a
phase diagram is constructed by comparing the free energie

free energy as the equilibrium structure. In this paper, our
main aim is to examine the approximate locations of the one-
phase regions and to study their shift with composition as well

P75/water system forms more extended normal phase regions
(11, H1, and G1) and narrower reverse phase regions (H2, G2,
and 12) than those in P84/water system. A comparison between
Figure 1c and Figure 1d for copolymers with the same molecular
weight (~4200) and chain architecture (PPGEO-PPO
sequence) leads to similar conclusions. Therefore, a high
EO/PO ratio favors the normal structures (oil-in-water), while

Ya low EO/PO ratio favors the inverse structures (water-in-oil).

This conclusion is consistent with earlier experimental and

Sheoretical findingd2
of the different structures and selecting the one with the lowest 9

A comparison between Figure 1a and Figure 1c (or between
Figure 1b and Figure 1d) for copolymers with the same
molecular weight £4200) and block (EO/PO) ratio{1.33)

as the structure of the repetitive domains. Thus, we have allows the elucidation of the effect of chain architecture on the

simplified the procedure by neglecting the two-phase regions Phase behavior for the binary copolymer/water systems. In
around the phase boundaries. The two-phase regions may p&igure 1c, the regions of the normal phases (oil-in-water) are

obtained by using the usual double-tangent constructibhs.

narrower than that in Figure la, which indicate the normal

our study, seven ordered phases and one disordered phasBha@ses are not easy to form in the reverse chain architecture
were used for the determination of the phase diagrams. Figure(PPO-PEO-PPO sequence) systems. This conclusion has been

1 shows the calculated concentratitemperature phase dia-
grams for four triblock copolymers, (EQJPO)s(EO)4 (P75),
(EOho(PONs(EOhy (P84), (POJ(EONg(PO)s (25R5), and
(POR1(EO)sg(PO)1 (31R4), in aqueous solutions. All these

experimentally confirmed by Alexandridis et al., who studied
the phase behavior of the ternary system 25R4/watefene

at 25°C.22 In this experiment, it is interesting to note that, at
25 °C, the normal hexagonal structure is not stable along the

copolymers have approximately the same average molecularcOPolymer-water binary axis. However, the presence of a small
weight (~4200). The solid lines represent the phase boundary amount ofp-xylene increases the segregation of the PEO and

between different phases and the one-phase regions are denotddP O blocks and helps stabilize the hexagonal structure. This is

(in order of increasing polymer concentration) as L1 (water-
rich disordered solution), I1 (ordered cubic phase), H1 (normal
hexagonal phase), G1 (normal bicontinuous cubic phase), L

usually explained as the entropic penalty of localizing the outer
PPO blocks in the hydrophobic interior of the miceRés.
Comparison between Figure 1b and Figure 1d for copolymers

(lamellar phase), G2 (reverse bicontinuous cubic phase), H2With the same molecular weight-¢200) and block (EO/PO)
(reverse hexagonal phase), I2(reverse cubic phase), and LZatio (~0.90) leads to similar conclusions.

(polymer-rich disordered solution).

As shown in Figure 1b, our phase diagram exhibits many
similarities to the experimental results by Alexandridis et al.
on the phase behavior of the ternary system P84/vgaxgiéne

Density Profiles. The density profiles for each species (water,
EO, and PO) can be obtained from the theoretical model. Since
the calculation of the density profiles gives similar results for
these copolymerwater systems, the density profiles are given

at 25°C. In particular, the phases and their structure, as well as using Pluronic P84 as an example. Figure 2 shows the density

their relative location, are in good agreement with the experi-

ments. One noticeable exception is the absence of the inversednd three different morphologies {H.,, and H).

profiles for P84 at two different temperatures (15 and°@()
CDV
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E
3 0.4 ) a high PO volume fraction is obtained outside them. Since the
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0.0 .
-6.8 6.8 IV. Conclusions
1.0 : The phase pehavior of pply(ethylene oxide)_(PEO) and poly-
(c) (propylene oxide) (PPO) triblock copolymers in aqueous solu-
g 0.8 P84, 3.=0.7 _ tions is examined theoretically. The polymeavater interactions
5 are modeled using a two-state model for the monomers. A self-
© water . N .
E 06 T consistent mean-field theory (SCMFT) is formulated for the two-
g ’ o state model. The reciprocal space method of SCMFT is extended
2 0.4 Nt BO - 1 to the situations where there are spatially invariant internal state
> energies, provided that the internal states are considered as
0.2f----- TN, T 1 embedded in a self-consistent potential determined by the spatial
0.0 _f?,_ - arrangement of the molecules. The method made it possible to
6.8 0.0 6.8 compute the free-energy of various lyotropic liquid crystalline
X/b phases, including the complex bicontinuous gyroid phases. The

Figure 2. Calculated volume fractions profiles in the (a) normal

method should also be useful for describing ternary triblock
copolymer/water/oil phase diagrams.

hexagonal phase, (b) lamellar phase, and (c) reverse hexagonal The development of the self-consistent mean-field theory for

phase for the P84/water system at 16 (full lines) and 40°C
(dash lines). The overall volume fractiogg are 0.4, 0.6, and 0.7

polymer systems with internal degrees of freedom enabled us

for the normal hexagonal, lamellar, and reverse hexagonal phases!0 make accurate free energy computations for a variety of

respectively.

ordered structures including the complex gyroid phase. Binary
concentratiorrtemperature phase diagrams have been con-

The density profiles for the normal hexagonal phase (H1) structed for a number of PEO/PPO triblock copolymers (P75,

are shown in Figure 2a for P84. At the lower temperature (15 P84, 25R5, and 31R4) in aqueous solutions. The phase diagrams
°C), The center of the cylinder has a high concentration of PO. exhibited a number of lyotropic liquid crystalline phases: L1
The EO segments are expelled from the PO domain with a (water-rich disordered solution), 11 (ordered cubic phase), H1
tendency to stay with the water because of the hydrophilic (nhormal hexagonal phase), G1 (normal bicontinuous cubic
behavior for EO at this temperature. At the higher temperature, phase), k. (lamellar phase), G2 (reverse bicontinuous cubic
the EO segments become more hydrophobic, it tries to withdraw phase), H2 (reverse hexagonal phase), I2(reverse cubic phase),
into the PO domain to reduce its contact with water. However, and L2 (polymer-rich disordered solution) with increasing
neither water nor the PO is ideal for EO, and hence the EO polymer concentration. The results are consistent with available
volume fraction profiles display a maximum between these two experiments and previous theoretical studies. Furthermore,
regions. This can be seen more clearly in the two-dimensional systematic effects of the block (EO/PO) ratio and the chain
density plots (Figure 3), where the EO domains show ringlike architecture on the phase behavior for the binary copolymer/
structures at the higher temperature. On the other hand, thewater systems have been obtained.
domain spacing is increased at the higher temperature, indicating The density profiles for the EO, PO, and water components
that there is a smaller interfacial area for the molecules at the j, the self-assembled microstructures showed the segregation
higher temperature, consistent with the increased hydrophobicity petween the different species became more pronounced upon
of the EO and PO segments. heating, as a result of the decreased solubility of EO and PO in
Figure 2b shows the density profiles for the lamellar phase water at high temperatures. The domain spacing is increased
(Lo). The generic features are the same as that for the hexagonaét the higher temperature, indicating that there is a smaller
phase. In Figure 2c, the density profiles for the reverse hex- interfacial area for the molecules at the higher temperature,
agonal phase (H2) are shown. In this case, water reaches a higleonsistent with the increased hydrophobicity of the EO and PO
concentration in the interior of the cylindrical domains, whereas segments. CDV
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Appendix: Computation of Expansion Coefficients

Macromolecules, Vol. 39, No. 17, 2006

Therefore, the matrix elements &f= A(g) is given byA; =

In this appendix we present details of the computation of the 2 kvikA(€w)vjk-

expansion coefficients by a matrix approach. The matrix
representation of\(r) = A(g(r))can be expressed in terms of
the matrix representation ai(r). Specifically, we define a
symmetric matrix for any given functiog(r) by the relation

g = f dr fi(nfi(ra(r) = Zrijkgk (A1)

where the tensoFj is defined byl = V™1 ffm(r)fa(r)fi(r)
dr. The original expansion coefficiengs are obtained frong;
simply by g = g1 because we have chosk(r) = 1. It can be

In conclusion, the expansion coefficiedsof a functionA(r)
= A(g(r)) can be obtained from the known coefficiemsby
the following steps:

(1) Construct a real-symmetric matrix using the relatin
= Y[k

(2) Diagonalize the matrig; to obtain its eigenvalues, and
corresponding eigenvectors,.

(3) Compute the matrix elementy; = > A(e)vikvik, the
expansion coefficients are given By = Ay;.
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two functions is simply the matrix product of the two matrices

(gh)y; = Zgikhkj (A2)

Using this relation it is straightforward to show that, for any

function ofg(r), A(r) = A(g(r)), the matrix representation &f

is simply given by the function of the matrix @f A = A(g).
This matrix relation can now be used to obtain the matrix

elementsA; from the matrixg. The basic idea is that, since

is a real-symmetric matrix, we can always diagonalize it to

obtain the eigenvalues and corresponding eigenvecterssuch

thatg-vn, = envn. Explicitly this can be written as

zgij Uin = €nlin (A3)
]

The eigenvectors)j = v are orthonormal and complete,
zUinUim = 6nm; ZUintn = 6ij
] n

The matrix formed by the element of the eigenvectors

(A4)
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MU= (A5)
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It is easy to show thdtl is unitaryUU™ = U* U = |. A unitary
transformation byJ takes the matrix g into a diagonal form

g 0 0
U'gU=|0 ¢ 0
0 0

(A6)

Therefore, for any functiod = A(g) we can use the identit
= UU™ A(g)UU™ to obtain

A= ZuikA(ek)akIUIj+ (A7)
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